THE BREUIL-KISIN TWIST
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ABSTRACT. We discuss the Breuil-Kisin twist.
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1. WHAT DID WE DO LAST TIME?

Last time, Jason described the prismatic site attached to a p-adic formal scheme X. Roughly,
X, consists of prisms (A, I) where A is a §-ring which is (p, I)-adically complete, I is a principal
divisor, and ¢(x) := x? + pd(x) is a lift of Frobenius of A/I. There a structure sheaf &) given
by sending a prism (A,I) to A. We can therefore discuss the notion of a vector bundle. Let
Vect(Xp, O)) be the category of vector bundles on (X,, ).

2. PRISMATIC F-CRYSTALS

We want to study local systems on Speck by instead passing through some sort of Riemann-
Hilbert type correspondence. The output of this correspondence takes a local system and produces
a coherent object (some kind of vector bundle). We are going to describe a special kind of coherent
object which will be important to us later.

Definition 2.1. Let X be a p-adic formal scheme with a lift of Frobenius ¢. Write Vect? (X,, 0)) to
be the category of prismatic F-crystals on X,. The objects are given by (E, ¢) where E is a vector
bundle on (Xu, O)), and ¢r : ¢*E[1/15] — E[1/14] is an isomorphism.

There is only one notion of morphism which makes sense for this category. A morphism f :
(E, p£) — (F, ¢r) is a morphism f : E — F such that the diagram

o E[1/1)] L5 o F[1/1,]

el J#

E[L/Ia] —5— F1/1)]
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commutes. Giving Vect? (Xa, Op) a tensor product makes it into a symmetric monoidal category.
Which local systems do these prismatic F-crystals correspond to? In the case where X =
Spf(Ok), we have the following theorem which tells us:
Theorem 2.2 (Bhatt-Scholze). There is an equivalence of categories
Vect? (Spf(Ox)a, On) = {crystalline Z,-local systems on Spec K}

via an “étale realization functor” (to be discussed in a future talk).

There is another way to understand prismatic F-crystals open-by-open.

Definition 2.3. Let X be a p-adic formal scheme. There is a natural equivalence

lim  Vect(A) = Vect(Xp, Op).
(A,I)EXA

Then, a prismatic F-crystal is a collection of A-modules E,4 for every (A,I) € X, with identifi-
cations E4 ®4 B = Ep whenever (B,]) — (A,I) is a morphism, and for every (A,I) € X, an
identification ¢4 : *EA[1/1] — EA[1/1].

3. BREUIL-KISIN TWISTS

If we want a category of coherent objects corresponding to some class of local systems, we need
to understand what the Tate twist is in that category. The correct Tate twist is called the Breuil-
Kisin twist. To define this twist in general, we define it for Spf(Z,,) first and then pull back.

Definition 3.1 (psuedo-definition). Let X = Spf(Z,). There is a natural prismatic F-crystal
(Op{1}, ¢) where

o1} =L @9 @ (¢*) [h®@ - = R)(¢")" Ia.

n>0
Then, formally we have the property that
o {1} @ I = ¢"0u{1}
which shows that €, {1} is a prismatic F-crystal.

Remark 3.2. The above (infinite) tensor product does not make sense, so we need to fix it.

3.3. Transversal prisms.

Definition 3.4. A prism (A, I) is transversal if A/I is p-torsion free. Equivalently, A is p-torsion
free. Equivalently, the natural map I/pl — A/pA is injective.

Example 3.5 (The g-de Rham Prism). Let A = Z,[[q — 1]] be the completion of Z[q] with respect
to the ideal (p,q — 1). We give A the structure of a J-ring with Frobenius lift

¢(q) = g".
Then, (A, I) = (A, ([p]s)) where [p], is the element

_9-1_ e gp1
Plo="=g =1+a+--+4"

Then,
A/1=2Zy[[q =101/ ([plg) = Zplg) /(1 +q+ -+ 4" 7).
This is clearly a p-torsion free ring; for example, it is isomorphic to the ring of integers in Q,, (¢>™/7).

Therefore, (A, I) is a transversal prism.
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Lemma 3.6. Let (A, I) be a transversal prism. For every r > 0, the inclusion I — A induces a monomor-
phism 0 : (¢ )*(I) = (¢"y)*(A) = A. And, coker 0 is p-torsion free.

Proof. #&& CHARLIE: [Maybe omit this?] Since (¢’, )*(I) is an invertible A-module, it is p-complete
and p-torsion free. Therefore, it is enough to show that the induced map (¢, )*(I/pI) = A/pAis
injective since we can just check limits.

But this is clear, since I/plI is an invertible ideal in A/pA. Therefore, the Frobenius pullback
maps isomorphically to (¢, )*(I). O
Let (A, I) be a transversal prism, and let r > 0. Then, the Frobenius lift ¢4 : A — A allows us
to view (¢’,)*(I) as an ideal in A.
Welet], = [®4 ¢4 (1) @4 @4 (¢ 1) (I) C A.
Then,
Lemma 3.7. Let (A, I) be a transversal prism. Then A is an inverse limit of quotient rings
-—»A/lz » A/, » A/IL.
and A is also an inverse limit of quotient rings
= A/ gu(l) = A/ ¢y(l) = A/ @u(h).
Lemma 3.8. Let (A, I) be a transversal prism, and let r > 0. Then,
(1) The A-module I,/ I? is p-torsion free.
(2) The canonical map I,1/12, , — I,/ I? is divisible by p.

r+1
(3) The induced map IrJrl/Ierrl

Definition 3.9. Let (A, I) be a transversal prism. We define the Breuil-Kisin twist A{1} to be

1/ . .
AN I,/ I% is surjective.

A{1y =tim(... B /B 5 b/ L),

This construction is functorial. If f : (A,I) — (B, ]) is a morphism of transversal prisms, then
there is a unique map f{1} : A{1} — B{1} so that for all » > 0, the diagram

A{1y LU gy

| |

L/ —— J/JF

is commutatitve. Furthermore, f{1} : A{1} ® 4 B — B{1} is an isomorphism. The Frobenius on
A{1} is defined as follows. We observe that

Pa(ls) = 9a(I@a a(1) @4+ @ (95 )"])
=171 @a1®4 (1) @4 (¢%)" (D) @4 ®a (¢})" (1)
=1®4 Ir—i—l-
Then, we observe that ¢% (A{1}) ®4 A/ @5 (L) = 7' ®4 A{1} ®4 A/ ¢% (I;). But since passing to
limits yields lim_ A/(pa)*(I;) = A, we obtain an isomorphism ¢% (A{1}) = I"! ®4 A{1}. This,
we call the Frobenius.
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3.10. Extension to non-transverse prisms. To extend to non-transverse prisms, we bootstrap from
the transverse case.

Lemma 3.11. Let (A, I) be a prism. Then, there exists a prism homomorphism (B,]) — (A, I) where
(B, ]) is transversal.

Proposition 3.12 (Proposition-definition). Let C be the category whose objects are transversal prisms
(B, J) with a morphism of prisms f : (B,]) — (A, I). Then, the diagram

(B,]) € C— A®pB{1}
has a direct limit in the category of A-modules. This resulting direct limit we call A{1}.

4. PRISMATIC LOGARITHM

The Tate twist appears naturally in étale cohomology in the following way. Say / is invertible
in k. Then, there is a chern class map

c1: Hy(X,Gy) = Pic(X) — H2(X,Z/4(1))

coming from the Kummer exact sequence. This is some kind of analogue to the exponential exact
sequence. The connecting homomorphism is a kind of logarithm. In the complex setting, it is
given by dlog. We seek an a similar kind of construction via a map T, (G (A/I)) — A{1}.

Letu € T,(G;(A/I)). This is a sequence of elements ug, uy, ... such thatug = 1 and u, = uﬁﬂ.
We can uniquely lift this to a sequence of elements vy, vy, . .., so that v; = u; mod I.

Here, vy is not always 1 but it satisfies the condition that d4(vg) = 0. This is because ¢ (vy) =
vh + pé(vg) = 1. The elements v satisfying J4(v) = 0 are called rank 1 elements.

Let (1 + I)x—1 be the collection of rank 1 elements v € A such thatv =1 mod I, as a subgroup
of G,,(A). Then, we get a group homomorphism

0 :Tp(Gu(A/I)) = (14 D=1, (uo,u1,...) — vp.

We construct another map log, : (1 + I)—1 — A{1}. The composition (by abuse of notation) is
also called log, and is called the prismatic logarithm.

4.1. The logarithm for transversal prisms. It is enough to construct the map (1+I)—1 — A{1}.
This is done in Bhatt-Lurie, and the motivation for their construction is that if x is a real number,
log(x) = limy_o(x* — 1) /a.

Proposition 4.2. Let (A, I) be a transversal prism, and let u € 1+ I be a unit so that 5(u) = 0. Then,

(1) Forallr > 0,u” =1 mod I,;.
(2) Forr > 0, the map

1
; : Ir+1/1r2+1 - Ir/I,g

. r r—1
carries the class of u? —1tou? = —1.

Proposition 4.3 (proposition-definition). Let (A, I) be a transversal prism, and let u € 1+ I satisfy
5(u) = 0. Then, by the previous proposition there is a unique element in A{1} having image u?" — 1 via

the quotient maps A{1} — L1/I%, ;.

Call this element log, (u). The map log, : (1 + I)ua=1 — A{1} is a group homomorphism (with group
structure on the domain given by multiplication).
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Proof. We need to show that log, (uv) = log, (u) + log,(v). So for each r > 0, we need to show
that
(uo)?" —1=(u’ —1)+ (v¥ —1) mod I%,.
But we have that
(o)’ —1— WP —1)+ (" —1)) = (u¥ —1)(vP —1)
and both (u”" — 1) and (v”" — 1) belong to I, 1. O

The construction is functorial in the sense thatif f : (B, ]) — (A, I) is a morphism of transversal
prisms, then the diagram

(14 et —— (1+ Dy

log A\L llog A

B{1} — 57— A{1)

commutes.

4.4. The non-transversal case. Let (A, I) be a (not necessarily transversal!) prism. Then, there is
a unique function

log, : (1+1I)x=1 — A{1}
so that for every morphism of prisms f : (B, ]) — (A, I) with (B, J) transversal, the diagram

(14 Dieer —— (1+ Dy

log A\L llog A

B{1} — 57— A{1)

commutes. We call this map the prismatic logarithm.

Lemma 4.5. The Frobenius ¢ oq1y : A{1} — A{1} sends log,(u) tolog,(u).
Proof. We reduce to the transversal case and note that ¢4 (u” — 1) = ub™ 1. O

5. THE EXAMPLE OF THE ¢-DE RHAM PRISM Z,[[q — 1]]{1}

We consider the concrete example of the g-de Rham prism.

Let (A, I) = (Z,[lg —1]], ([pl;))- Then, observe thatg? — 1= (g —1)(1+---+¢g7 1) sog’ =1
mod I. Thatis, 47 is a rank 1 element of (1 4 I)*. Then, we have an element log, (77) € A{1}.

Proposition 5.1. Let (A, I) be the q-de Rham prism. There is a ungiue element ey € A{1} satisfying
(g —1)es =log,(q7). And, A{1} is the free A-module generated by e 4.

Proof. The ideal I is generated by [p],. Then, I, is generated by the products the Frobenius powers
of [p];. That s,

L =10494(1) @@ (¢} )*(I).

But I is generated by [p], = (9" —1)/(q9 — 1). Therefore, ((p{;‘)*(l) is generated by (g7 ' —
/(g =1).
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Therefore, I, is generated by

-1\ (¢ 1 7 -1 _a"-1_,
5]—1 6]”—1 qpr—l_l - q_l _pq.
In other words, we know that g*" —1 = 0 mod I,. Therefore, there is a unique elemente4 € A{1}

whose image in each quotient I,/I? is the class of [p'];. Therefore, ¢4 generates A{1} since the
residue classes generate I,.

Furthermore, by definition (g — 1)[p'], = g7 — 1 which implies that (g — 1)es = log,(4”). But
g — lisinvertible in A, so e4 is uniquely determined by this property. ]

In other words, e4 = log,(4”)/(q — 1). But then, the Frobenius sends e, tolog, (q7)/ (g — 1) =
[Pl " -ea.

Proposition 5.2. Let f : (A,I) — (B,]) be a morphism of prisms. Let eg = f{1}(ea). Then, ep
generates B{1}.

Example 5.3. Let (B, ]) be a Crystalline prism (i.e., ] = (p)). There is a canonical map of prisms
f:(A,I) = (B,]) givenby q — 1 such that f([p];) = p.

Then, we have a canonical generator e4 with Frobenius acting by ¢ 4(1}(ea) = ea/p.
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